INTRODUCTION
Problems of determining the ultimate loading capacity of girder bridges have become increasingly important as the limit state design method is adopted for bridge structures. The perfectly plastic theory may be accepted in practice for steel girder bridges with compact section. However most bridge design codes restrict the method of structural analysis within elastic theory. One of the reasons of this restriction may be attributed to the uncertainty of limit behaviour under complex loading conditions such as combinations of traffic loads, wind loads and own weight loads.
Significance of shakedown problems has been well known for bridge structures subjected to moving loads. However, classical shakedown problems have almost been confined within bending theory. In consequence, it has been said that the shakedown load of statically indeterminate girder bridge is only slightly lower than the static collapse load under the extreme loading condition and the shakedown problem is not so severe for bridge structures. But actual girder bridges are subjected to various kinds of forces such as bending moment, shearing force, axial force and twisting moment. Even at present, shakedown problems considering both the effects of bending and shear remain unclear. In particular, the effect of shear must be severer for reinforced concrete bridges.
This paper is intended for revealing the shakedown characteristics of multi-span girder bridges. It is well known that shakedown problems within the scope of bending theory can be solved by a linear programming2 where a shakedown load multiplier is objective function, residual moments or reactive forces are state variables and plasticity condition gives inequality constraints in a functional type of state variables. On the other hand, consideration of both bending and shear reduces the inequality constraints to nonlinearity, and the problems of determining a shakedown load are reduced to a nonlinear mathematical programming. Literature on the studies of shakedown problem by a nonlinear programming are seen for elastoplastic arches3, grids4 and plates56. In these studies, nonlinearity due to cross sectional yield conditions were dealt with graphically for arches and piecewise linearly for grids and plates. For structures with moving loads, the shakedown problem becomes further complex, because resultant forces at the cross section are given by a nonlinear function of the position of load. Generally speaking, to solve analytically a nonlinear programming of such a type of structure is impossible. But in the case of two-span beams or symmetric three-span beams, the unknown variables are only two of shakedown load multiplier and one residual reactive force. In this case the adoption of Mises yield condition reduces the problems to a quadratic programming to be able to solve analytically.
SHAKEDOWN ANALYSIS
(1) General formulation for multi-span beams A m-span continuous beam shown in Fig. 1 
where Mox and Sox are bending moment and shearing force due to a fixed load q, which are easily obtained (4) where Mo and S5 mean the fully plastic moment and the fully plastic shearing force, respectively. Now let the beam be subjected to any combination of a cyclically reapeated moving load p and a fixed load q, which may be a typical problem in girder bridges. Melan's theory says that the problem of determining 2s the shakedown moving load ps is reduced to the following mathematical programming:
Ps=maximize P subjected to (5) The above problem is a nonlinear programming with the variables, x s p and Xr If we transform this problem into a convex programming, which may be solved numerically, the variables, x and e must be replaced by a large number of known constants xi and sj=12, n which are specified by the divided points with a small spacing L/n for the whole length of beam. In consequence, Prob. (5) becomes a convex programming with quadratic inequality constraints of n2 in number. Furthermore, if we desire to make a linearization of quadratic inequalities replacing the circular interaction curve by an inscribed polygon with a large number of sides as shown in Fig. 2 (such a technique of linearization is used in the literature46),
we obtain a linear programming with linear constraints of s n2 in number where s is the number of sides of the inscribed polygon. However, in order to obtain the solution of Prob. (5) with a good accuracy, we need to increase both n and s to a large number and consequently must deal with a linear programming of large size.
Therefore, this study attempts to devise a semi-analytical method for obtaining the direct solution of nonlinear problem (5) . For the sake of this, problems dealt with here are confined with only two-span beams and symmetric three-span beams, but they are expected to have an essential characteristics of shakedown of multi-span beams.
(2) Two-span beams A two-span beam to be dealt with herein is shown in Fig, 3 . Denoting the elastic bending moments and shearing forces at any cross section i under the unit moving load P=1 at the position x=eL (L=total span length) and the unit uniform load q=1 by M1i(a), Spi(f), Mq, Sqi, respectively, the domain of elastic stress variation can be expressed as follows Ri=1MiSiIMi=PM)+gMgi, Si=PSpi(e)+qSqi. (6) where 0<s<1. AS=maximize A, subject to (Ampi+amQi+umri)2+(Aspi+asgi+usri)2s1 (8) Since mpi and spi are a function of both the position of moving load and the space, it is considerably difficult to find the exact solution of Prob. (8) . For this reason, we here try to find an analytical but approximate solution of Prob. (8) with good accuracy. Generally, the existent domain of (mpi spi) has a nonconvexity surrounded by the area with soled lines as shown in Fig. 4 . However, a domain to be dealt with in Prob. (8) can be substituted by a convex circumscribed polyhedron about the original domain, because Prob. (8) is a kind of convex programming. Then, if such a polyhedron has some vertexes (mij sij j=12 ri, the problem of Prob. (8) can be transformed into A8=maximize A, subject to (A+amQi+umri)2+(Asi+asgi+usri)21 (9) Further, dividing the whole length of the beam by n points with a small equal spacing and imposing the inequality constraints on only such points, Prob. (9) is reduced to a typical quadratic programming with two unknown variables of A and u and ri inequality constraints.
Now we develop the inequality constraints in Prob. (9) into a quadratic form about c as follows:
Considering the characteristics of quadratic inequality about we obtain a necessary condition on A to have a real solution of u as (11)
Besides, we must limit A to be a positive in view of actual situation. While the existent region of c in Eq.
(10) becomes as follows max. yis<u<min, yij
As mentioned before, a constant value of residual reactive force exists under a shakedown behaviour.
Therefore, at the shakedown load, the extreme value of u must exist as follows us=maximize yi=minimize y
On the other hand, the condition (11) to be satisfied at the whole position of the beam yields the following expression 0<A<A, Aa=minimize
Simultaneous satisfaction of both Eqs. (13) and (14) induces the shakedown load multiplier AS. An iterative method to find AS is graphically represented in Fig. 5 , in which Ae is the elastic limit load multiplier. Fig. 4 Vertexes and convex region. Fig. 5 Illustrated iterative procedure. Fig. 6 Three-span beam.
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(2) Three-span beam A three-span beam to be analyzed herein is shown in Fig. 6 . The beam has a symmetric configuration and symmetric strength of cross section. The domain Ri of elastic stress variation expressed by Eq. (6) is obtained through a familiar elastic analysis. The beam is statically indeterminate of two degrees, but for symmetry of the beam, residual reactive forces at two intermediate supports are equal to each other when the beam shakes down. Therefore, a shakedown problem of the beam has only two unknown variables of A and u(u2=u1), where ul and lug are nondimensional residual reactive forces at the intermediate supports. This problem can be easily solved through a similar procedure to Eqs. (6)-(14).
NUMERICAL RESULTS
(1) Two-span beams with equal span length Fig. 7 demonstrates the variations of A5, Ae, and a8 about a nondimensional parameter b=M0/(So1k). The results in the figure are for the beams subjected to only a moving load. Elastic limit load multiplier le and static collapse load multiplier being 5. 83 which was determined by the method of limit analysis are also included for comparison. From this figure, it may be found that in the range of fi greater than 0. 25, AS and le take almost identical values, while in the range of 9 less than 0. 03, the effect of shear disappears and then AS almost coincides with the shakedown load multiplier considering bending only, which takes 5. 72. Therefore, we can conclude for the beams that the shakedown problems considering both the effects of bending and shear are significant only in the range of 0. 03<f<0. 25. Table 1 .
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In the case of beams subjected to both a moving load and a uniform dead load, the changes of AS with combinations of fi and a(=qli/Mo) are graphed as Fig. 8 . As a becomes larger, the uniform dead load increasingly plays an important role for the shakedown problems. As mentioned before, the effect of shear disappears when 1a is less then 0. 03. In this range of 8, though in Fig, 8 only the case of f=0. 001 is shown, the shakedown load becomes closer and closer to the static collapse load as a increases. While, in the range of f8 greater than 0. 03 a similar tendency is found in the relation between As and a.
In order to explain an application on actual girder bridges, five typical kinds of H-shaped steels9 listed in Table 1 are taken into computation. Fig. 9 exhibits the variations of shakedown load PS with respect to span length for each H-shaped steel with consideration of dead load. It may be realized that the magnitudes of shakedown loads of H-shaped steel girders depend mainly upon their ratios of fully plastic moment to fully plastic shearing force of cross sections. In Fig. 10 , we also give the relationship between span length and the ratio of bending-shear interacted shakedown load, p8, to bending shakedown load, Ps. From this figure, we learn how much effect of shear will bring on in the shakedown problems of girder bridges. (2) Three-span beams First, we performed computations on three-span beams without uniform dead load in four cases of 12/11 =1. 0, 1. 2, 1. 5 and 1. 8, using an analogous procedure to two-span beams. The results obtained are shown in Fig. 11 . This figure corresponds to Fig. 7 for two-span beams, but the effect of the ratio of mid span length to side span length is included in the figure. From this figure we know that at the same value of fi the beam with a smaller ratio of 12/11 has larger Ag but such difference of Ag about l2/li disappears as increases.
On the other hand, we also applied the five kinds of H-shaped steels as listed in Table 1 on three-span beams with equal span length. Fig. 12 and 13 show the results obtained. From the comparison of Fig. 9 and Table 1 Some typical H-shaped steels9. Table 1. 6s Fig. 12 , we can conclude that two-span beam and three-span beam have almost the same magnitude of shakedown load if they have the same span length. Further Fig. 14 shows the variation of PS/PS for the three-span beams with unequal span ratios of 12/11=1. 0, 1. 2, 1. 5 and 1. 8. Appreciable differences in the shear effect are seen among the different span ratios. In actual three-span girder bridges, it may be often seen that side span and mid span have different plastic strengths of cross section. Here, we carried out computations for the beams with the span ratio of 1. 5 and u=0. 5, 0. 7 and 1. 0 where v means the ratio of fully plastic moment of side span to that of mid span. Such a ratio on fully plastic shearing force is assumed to be equal to the ratio on fully plastic moment for the convenience of numerical computation. Fig. 15 show the results obtained, where PS/Pu means the Table 1 . Table 1 , with different span ratio. ratio of bending-shear interacted shakedown load to static collapse load. It is recognizable from these figures that the uniform dead load much contributes into the reduction of shakedown loads of three-span beams. We also note some fluctuations in the curves of ps/pu versus a in Figs, of u=0. 5 and 0. 7. Such fluctuations may be caused by the variation of static collapse load which is controlled by a collapse mechanism occurring at whether side span or mid span depending on both u and a. Namely, in the ranges of smaller values of 8 and of larger values of a and in the cases of u=0. 5 and 0. 7, the collapse mechanism occurs at side span, but in the other ranges at mid span. In Figs, 16, we also investigate the variations of PS/Pu from another angle. Here 9 is taken as abscissa and a is set as 0, 0. 1, 0. 2, 0. 3, 0. 4 and 0. 8 times of the ultimate dead load multiplier which is determined by the limit analysis considering bending only. From these figures, we also conclude that the uniform dead load enlarges the effect of shear on the shakedown load.
CONCLUDING REMARKS
We have attempted to present a comprehensive analytical method on shakedown problems of two-span beams or symmetric three-span beams. There is no literature in hand to learn how good accuracy the present method has. However, we made a comparison on bending shakedown analysis by the present method (see Appendix) and that of Reference Their results are tabulated in Table 2 . In order to discuss a general shakedown characteristics of girder bridge, the effect of distributed live load which was included in Reference should be also considered. Such an effect can be easily included in the present method, but it was excluded in this paper for the convenience of numerical computation. For more actual structures such as reinforced concrete and prestressed concrete beams, the present method is supposed to have an applicability, if we have reliable informations on the interaction curves between bending and shear on plastic strengths of cross section.
APPENDIX SHAKEDOWN ANALYSIS CONSIDERING BENDING ONLY
For this problem, we drop out the terms including shearing part from Eqs. (1) through (14) and follow the same analytic procedure developed in section 2. However, the number of convex vertexes in the elastic stress domain of cross section in such a case is reduced to two, namely, maximum and minimum bending moments. Their constraints and analytic procedure corresponding to Eqs. In inequality (10'), u is constantly a real value for any given real value of A. Therefore, instead of the use of the range of constraints (11) and (14), we execute iterative computations with appropriate increment of A on Eq. (12') until a cross points of curves of maximum and minimum y appears. However, there exists the case that there is no cross point of the curves, in another words, the beam collapses by its own dead load. If so, we may interrupt the computation at a beforehand decided value of A.
